Structure of locally convex quasi C*-algebras 



F. Bagarello, M. Fragoulopoulou, A. Inoue and C. Trapani 



Abstract 

The completion of a (normed) C*-algcbra ^o[|| • ||o] with respect to 
a locally convex topology t on that makes the multiplication of 
separately continuous is, in general, a quasi *-algebra, and not a locally 
convex *-algebra [TOl [H] • In this way, one is led to consideration of 
locally convex quasi C*-algebras, which generalize C*-algebras in the 
context of quasi H<-algebras. Examples are given and the structure of 
these relatives of C*-algebras is investigated. 



1 Introduction 

The study of the structure and representation theory of the completion of 
a (normed) C*-algebra Ao[\\ ■ ||o] with respect to a locally convex topology 
r on Aq "compatible" with the corresponding *-norm topology started in 
|10j and was continued in [15]. When the multiplication of with respect 
to r is jointly continuous, the completion ^o[''"] of Ao[t] is a Gi?*-algebra 
over the unit ball L({Ao) = {x G Aq : \\x\\o < 1} of ^o[|| ■ ||o] if and only if 
h({Ao) is T-closed [I5l Corollary 2.2]. When the multiplication of with re- 
spect to r is just separately continuous, Ao[t] may fail to be a locally convex 
*-algebra, but may well carry the structure of a quasi *-algebra. The proper- 
ties and the *-representation theory of ^ol^"]! in this case, have been studied 
in [ini Section 3] and [Ul Section 3]. Continuing this project we are led 
to the introduction of locally convex quasi C*-algebras in the present study 
(see Definition 3.3). In this way, the notion of a C*-algebra is incorporated 
within the context of quasi *-algebras. Topological quasi *-algebras were 
first introduced by G. Lassner (see [18l [19]) for solving problems in quan- 
tum statistics and quantum dynamics that could not be resolved within the 
algebraic formulation of quantum theories developed by Haag and Kastler 
in [TB]. However, the bimodule axiom (which is crucial for many consider- 
ations such as ^-representation theory) was missing therein and also from 
many subsequent research papers for about 20 years! The first correct defini- 
tion was given in [201 p. 90], where also large classes of 0*-algebra examples 
have been derived. Furthermore, quasi *-algebras appeared later in \21\ [22] 
and [121 US] • These algebras constitute an interesting class of the so-called 
partial *-algebras, introduced by J. -P. Antoine and W. Karwowski in [71 [8] 
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and studied extensively in jSj HJ El [TT] and [6] . Partial *-algebras and quasi 
*-algebras play an important role in the theory of unbounded operators, 
which in its turn has numerous applications in mathematical physics (see, 
for instance, [6l HZl EH [9] ) . 

Our motivation for the present study is clear from the preceding discus- 
sion. The results that we shall exhibit are structured as follows: After the 
background material in Section 2, Section 3 defines two notions of positivity 
in the quasi *-algebra .4o[t], called " quasi-positivity" and " commutatively 
quasi-positivity" ; besides, it introduces locally convex quasi C*-algebras 
(Definition 3.3) and gives examples from various classes of topological alge- 
bras. Since locally convex quasi C*-algebras of operators are of particular 
interest (see, for instance. Remark 4.2 and Propositions 4.3 and 4.5), we 
study them separately in Section 4. In Section 5, the structure of commuta- 
tive locally convex quasi C*-algebras is investigated taking into account [U 
Section 6] and [TOl IS] . In Section 6 we apply the results of Sections 3 and 
5 and also ideas developed in [HI Section 4] and [15] to present a functional 
calculus for the quasi-positive elements of a commutative locally convex 
quasi C*-algebra. As a consequence the quasi nth-root of a quasi-positive 
element of such an algebra is, for instance, defined (Corollary 6.7). In Sec- 
tion 7, the structure of a noncommutative locally convex quasi C*-algebra 
is studied. More precisely, if A[t] is a noncommutative locally convex quasi 
C*-algebra, necessary and sufficient conditions are given (see Theorems 7.3 
and 7.5) such that A[t] is continuously embedded in a locally convex quasi 
C*-algebra of operators. Further, a functional calculus for commutatively 
quasi-positive elements in A[t] is investigated (Theorem 7.8). 

2 Preliminaries 

All algebras that we deal with are complex and the topological spaces are 
supposed to be Hausdorff. If an algebra A has an identity, this will be 
denoted by 1 . An algebra A with identity 1 , will be called unital. 

Let ^o[|| ■ llo] be a C*-algebra. We shall use the symbol || • ||o of the C*- 
norm to denote the corresponding topology. Suppose that r is a topology 
on ^0 such that Ao[t] is a locally convex *-algebra. Then, the topologies 
r, II • llo on Aq are compatible whenever each Cauchy net in both topologies 
that converges with respect^ one of them, also converges with respect to 
the other one. The symbol Ao[t] denotes the completion of .4o[r]. 

A partial *-algebra is a vector space A equipped with a vector space 
involution * : A ^ A : x ^ x* and a partial multiplication defined on a set 
r C ^ X ^ in such a way that: 

(i) {x,y) G r implies {y*,x*) G P; 

(ii) (x, yi), (x, 2/2) e r and A, G C imply {x, Xyi + fiy2) G P; 

(iii) for every (x, y) G P, a product xy G A is defined, such that xy 
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depends linearly on y and satisfies the equality {xy)* = y*x*. 

Whenever (x, y) G T, we say that a; is a left multiplier of y and y a right 
multiplier of x and we write x S L{y), respectively y € R{x). 

Quasi *-algebras are important examples of partial *-algebras. 

If ^ is a vector space and is a subspace of A such that is also a 
*-algebra, then A is said to be a quasi ^-algebra over Aq whenever the next 
properties are valid: 

(i) ' The multiplication of Aq is extended on A as follows: The assign- 
ments 

A X Aq a : {a,x) ^ ax (left multiplication of x by a) and 
Aq X a ^ a : {x,a) ^ xa (right multiplication of x by a) 
are always defined and are bilinear; 

(ii) ' xi{x2a) = {xiX2)a,{axi)x2 = a{xiX2) and xi{ax2) = (xia)x2, for 
all xi^X2 € ^0 and a € ^; 

(iii) ' the involution * of is extended on A, denoted also by *, such 
that {ax)* = x*a* and (xa)* = a*x*, for all x & Aq and a & A. 

For further information see [6]. If Ao[t] is a locally convex *-algebra, 
with separately continuous multiplication, its completion Ao[t] is a quasi *- 
algebra over under the following operations: Given x & Aq and a £ Ao[t] 

• ax := limXaX (left multiplication) 

a 

• xa := limxxQ, (right multiplication) 

a 

with {xa}aeA a net in Aq such that a = r-lim^Q,. 

a 

• An involution on Ao[t] like in (iii)' is the continuous extension of the 
involution given on ^o- 

A ^-invariant subspace A of containing Aq is called a quasi *- 

subalgebra of Ao[t] if ax, xa belong to A for any x £ Aq, a £ A. Then, 
one easily shows that ^ is a quasi *-algebra over Aq. Moreover, A[t] is a 
locally convex space that contains as a dense subspace and for every fixed 
x £ Aq, the maps A[t] — > A[t] with a ^ ax and a t—^ xa are continuous. 
An algebra of this kind is called locally convex quasi *-algebra over Aq. 

Another concept we need is that of a Gi?*-algebra introduced by G.R. 
Allan in 1967 [2] for generalizing C*-algebras (also see [H]). Let A[t] be 
a unital locally convex *-algebra. Let B* be the collection of all closed, 
bounded, absolutely convex subsets B of A[t] with the properties: 1 £ 
B,B* = B and B'^ C B. For every B £ B*, the linear span A[B] of B is 
a normed *-algebra under the Minkowski functional || • ||b of If A[B] 
is complete for every B £ B*, then A[t] is said to be pseudo- complete. 
Every sequentially complete locally convex *-algebra is pseudo-complete [U 
Proposition (2.6)]. Now, a unital pseudo-complete locally convex *-algebra 
A[t], such that B* has a greatest member, denoted by Bq, and {1 + x*x)~^ 
exists and belongs to ^[-Bq] for every x £ A, is called a GB* -algebra over 
Bq. In this case ^[Sq] is a C*-algebra. 
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3 Locally convex quasi C*-algebras 



Throughout this Section ^o[|| ' ||o] denotes a unital C*-algebra and r a 
locahy convex topology on compatible with the corresponding || • | jo- 
topology. Under certain conditions on r a quasi *-subalgebra A of the quasi 
*-algebra Ao[t] over is formed, which is named locally convex quasi C*- 
algebra. Examples and basic properties of such algebras are presented. So, 
let Ao[\\ • llo] and r be as above with {pa}agA a defining family of seminorms 
for r. Suppose that r satisfies the properties: 

(Ti) Ao[t] is a locally convex *-algebra with separately continuous mul- 
tiplication. 

(T2) r r< II • llo- 

Then, the identity map ^o[|| • ||o] Ao[t] extends to a continuous *-linear 
map ^o[|| ■ llo] — Ao[t] and since r, || • ||o are compatible, the C*-algebra 
-4o[|| • llo] can be regarded embedded into ^0 [''"]• It is easily shown that Ao[t] 
is a quasi *-algebra over Aq (cf. [T^ Section 3]). 

The next Definition 3.1 provides concepts of positivity for elements of a 
quasi *-algebra ^oi^"]- 

Definition 3.1. An element a of ^o[''"] is called quasi-positive (resp. com- 
mutatively quasi-positive) if there is a net (resp. commuting net) {xa)a&A 
of the positive cone (.4,o)+ of the C*-algebra ^o[|| ■ llo]) which converges to 
a with respect to the topology r. 

We have already used the symbol (^0)+ for the set of all positive ele- 
ments of the C*-algebra ^o[|| ■ llo]- The set of all quasi-positive (resp. com- 
mutatively quasi-positive) elements of ^oM; we shall denote by ^o[''"]i3+ 
(resp. ^oMcq+)- Then, ^oMg+ is a wedge (that is, for any a, 6 G ^oMg+ 
and A > 0, the elements a + h and \a belong to ^o[r]q+), but it is not nec- 
essarily a positive cone (i.e. ^o[r]q+ n (— ^oM(3+) 7^ {0})- The set ^oMc(?+ 
is not even, in general, a wedge. But, if ^0 is commutative, then of course, 

= A[T]cg+- 

Further, we employ the following two extra conditions (T3), (T4) for the 
locally convex topology r on ^0 and examine the effect on ^o[''"]cg+: 
(T3) For each A G A, there exists A' G A such that 

P\{xy) < \\x\\oP\'{y),y x,y e Aq with xy = yx; 

(T4) The set ^(^0)+ '■= {x G (^0)+ : II^^Ho < 1} is r-closed, and 
AoiW ■ \\]q+nAo = {Ao)+. 

Proposition 3.2. Let Ao[\\ • ||o] be a unital C* -algebra and r a locally convex 
topology on Aq. Suppose that r fulfils the conditions (Ti)-(T4). Then, Aq[t] 
is a locally convex quasi *-algebra over Aq with the properties: 
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(1) For every a G ^oMcg+j ihe element 1 +a is invertible and its inverse 
{1 + a)^^ belongs to U{Aq)+. 

(2) For a given a G ^oMcg+ OLnd any e > 0, let 

= a{l + £a)~^ . 

Then, {ae}£>o is a commuting net in (^o)+ such that a — Og G ^o[''"]cg+ o-'nd 
a = T-lim Og. 

(3) A[r]cg+^ (-AMc,+) = {0}. _ 

(4) If a & Ao[T]cq+ and b G (-4.0 )+ such that b — a G ^oMg+; then 
a G {Ao)+. 

Proof. (1) Let a G ^o[''"]cg+- Then, there is a net {xa}a£A hi (^o)+) such 
that XaXf3 = xpXa: for all a,/3 G A, and x^ a. Using properties of the 

T 

positive elements of a C*-algebra and the condition (T3), we have that for 
every A G A, there is A' G A with 

V\{{1 + Xc,)-^ -{1 + Xp)-^) = px{{l + Xa)~Hxc, - Xf3){l + Xp)'^) 

< +X„)-^||o||(i +Xf3)-^\\oPX'{Xa-Xp) 

< PX'iXa - Xp) 0. 

So, {(i + Xa)"^}a&A is a Cauchy net in Aq[t] consisting of elements of 
U{Ao)j^, which by (T4) is r-closed. Hence, 

(i ->y gZ^(A) + . (3.1) 

T 

We shall show that (i + a)~^ exists and equals y. Indeed: Using again 
condition (T3), for each A G A, there is A' G A with 

px{l -{1 +a){l + = px{{xo, - a){l + Xa)-^) 

< ||(i + Xa)"^\\oPx'iXa - a) < Px'{Xa - a) ^ 0. 

Therefore, 

{1 + a){l + Xa)-^ ^ 1 . (3.2) 

T 

On the other hand, since 

xsy = T — limx/3(i + Xa)~^ = T — lim(l + Xa)~^xi3 = yxjs, V /3 G A, 

we have ay = ya. Further, we can show that 

(1 +a){l +Xo,)-^ ^{1 +a)y. (3.3) 
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Indeed, since Xq, — > a, for any e > there exists ao £ A such that for all 

r 

a > oq and all A € A one has p\{xa — a) < e. Now, by (T3) we have that 
for any a € A 

px{{l +a){l +Xay^ - {1 +a)y) 

< px{{l + a){l + Xa)"^ -{1 + Xc,,){l + 

+ PX{{1 +Xaa){l +Xa)~^ - {1 + X^Jy) + Px{{l + Xao)y " (1 + a)y) 

< px'{a - Xao) + + XaoWoPxii^ + ^a)'^ " V) + PxiXao " «) 

< 2e+ p +Xao\\0Px{{l +Xa)~^ -y), 

which by (3.1) implies that lim.aPx{{l +cl){1 +Xa)^^ — {1 +CL)y) = 0. Thus, 
by (3.2) and (3.3) we have {1 +a)y = 1 = y{l +a). Hence, {1 +a)~^ exists 
and belongs to ly({Ao)+ (since y does). 

(2) It is clear from (1) that for every e > the element {1 +ea)~^ exists 
in Ao[t] and belongs to U{Ao)+. In particular, applying (T3) we get that 
for each A G A, there is A' S A with 

Pxil -{1 + ea)-^) = epx{a{l + ea)-^) < e\\{l + ea)-^\\opx'ia) <epx'{a), 
so that 

T-lim{l +eay^ = 1. (3.4) 
On the other hand, from the very definitions one has 

= a{l + ea)~^ = {1 + eay^a = ^{1 - {1 + ea)~^), V e > 0, and 

a - tte = a{l - {1 + eay^) = {1 - {1 + ea)~^)a G j4o[r]cg+. (3.5) 

Now, by the same way as in (3.3), we conclude from (3.4) and (3.5) that 
r- lim Oe = a. 

(3) Let a G ^oMcq+ H (— ^oMc(?+)- For any e > 0, we have by (2) that 
(^0)+ 3 + £a)~^ a and (^0)+ 3 — ^a)"^ —a- 

T T 

Thus, if 

Xe ■■=a{l + ea)~^ - (-a)(i - ea)'^, (3.6) 

we get 

= a((i +ea)~^ + {1 - ea)""^) = a{l + ea)~^{l - ea + 1 + ea){l - ea)"^ 

= 2a{l +ea)-^{l - ea)"\ 

where by (1) and (2) we conclude that {1 —ea)~^ G (^0)+ and a{l +ea)~^ G 
(^0)+ respectively. Therefore, x^ G (-4,o)+ according to the functional cal- 
culus in commutative C*-algebras. Similarly, we have that 

-Xe = 2{-a){l - ea)-^{l + ea)^^ G {Ao)+ 
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since {—a){l — ea) ^ and (i + ea) ^ belong to (^o)+- Thus, 

xe G (A)+n(-(A)+) = {0} 

and so (see (3.6)) 

a{l + ea)"^ = —a{l — ea)"-^ . 

Taking r-limits with e — > 0, we get a = —a, i.e., a = 0. 

(4) By (2) and the assumptions in (4), b — a and a — as are contained in 
.Ao[r]q+. Since, A[T]g+ is a wedge, b - = {b - a) + {a - Ue) e 
Furthermore, by (T4) 

b-aeeAo[T]g+nAo = {Ao)+, V e > 0. 

Hence, 

lla.llo < ll&llo, Ve>0, 
so that if 6 = 0, then a = G ("4o)+ since a = r-hm a^. If 6 7^ then 

: e > o| C U{Ao)-\- and by (T4) U{Ao)-\- is r-closed; so again we get 
that a £ {Ao)+. □ 

The above lead to the following 

Definition 3.3. A quasi *-subalgebra A of the locally convex quasi *- 
algebra Ao[t] over where ^o[|| ■ ||o] is a unital C*-algebra and r a locally 
convex topology on ^0 satisfying the conditions (Ti)-(T4), is said to be a 
locally convex quasi C* -algebra over Aq- 

We present now some examples of locally convex quasi C*-algebras. 

Example 3.4 (Gi?*-algebras). Let A[t] be a Gi?*-algebra over Bq (see 
Section 2). Then, .4o[|| • ||o] = ^[-Bq] is a C*-algebra under the C*-norm 
II • II = II ■ \\bo given by the Minkowski functional of Bq. Assume that the 
locally convex topology r fulfils the condition (T3). Then, it is easily checked 
that A[t] is a locally convex quasi C*-algebra over Aq. 

Example 3.5 (Banach quasi C*-algebras) . Let ^o[|| • ||o] be a unital C*- 
algebra and r = |I • || a norm topology on ^0 with the properties (Ti)-(T4). 
That is, 

(Ti) ^o[|| ■ II] is a locally convex *-algebra; 
(T2) II • II r< II • llo; 

(T3) ||xy|| < ||x||o||y||, y x,y e Ao with xy = yx; 

(T4) l{{Ao)+ is II • ll-closed, and Ao[\\ ■ \\]g+ nAo = {Ao)+. 
Then, a locally convex quasi C*-algebra over Aq is called a normed quasi 
C* -algebra over Aq. In particular, the completion ^o[|| ■ ||] of ^o[|| ' ||] is said 
to be a Banach quasi C* -algebra over Aq. 

Notice that the Banach space -L^[0, 1], 1 < p < cx), is a Banach quasi 
C*-algebra over the C*-algebra L°°[0, 1]. 
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Example 3.6 (proper CQ*-algebras). A quasi *-algebra {X,Ao) is said to 
be a Banach quasi *-algebra over Aq (see |12]). if a norm || • || is defined on 
X with the properties: 

(i) ■ II] is a Banach space; 

(ii) ||a:*|| = ||x||, \/ x £ X; 

(iii) ^0 is dense in ^[|| • ||]; 

(iv) for each a € the map La : X ^ X : x ax, is continuous. 
The continuity of the involution implies that for each a G Aq, the map 

Ra ■ X ^ X : X xa, is continuous. 

The identity of {X,Ao) is an element 1 S such that Ix = xl = x, 
for each x £ X. Let {X,Ao) be a unital Banach quasi *-algebra. Then, Aq 
is a normed *-algebra under the norm 

||a||op := max{||La||, ||i?a||}, V a G A, and 

||a|| < ||a||op5 V a G (3-7) 
||a6|| < ||a||||6||op, y a,b e Aq. (3.8) 

An element x of <^ is said to be bounded if the map Rx • ^0 — ^ ^ '• ^ ' — ^ 
is continuous, equivalently the map : Aq ^ X : a xa is continuous. 
Then, R^ respectively Lx extend to bounded linear operators Rx resp. Lx- 
Denote by X^ the set of all bounded elements of X. Then X is said to be 
normal if LxU = RyX for every x,y Xf^. In this case, Xf^ is a Banach 
*-algebra equipped with the multiplication 

xoy = LxV, y x,y e Xb 

and the norm ||x||b := max{||Lj,.||, ||i?a;||},a; G Xf, (see [23^ Corollary 2.14]). 
Furthermore, we have 

U{Ao[\\ ■ Hop])"'" cU{Xb). (3.9) 

Indeed, take an arbitrary x G Z//(^o[|| ' Hop])" "• Then, there is a sequence 
{a,„} in Z/^(^o[|| ■ Won]) such that lim ||a,„ — x|| = 0. On the other hand, using 

n— >cx> 

(3.8), we have that for each b G 

||x6|| = lim ||a„6|| < lim ||an||on||^|| < ||&|| 

n n— ►oo 

and similarly ||6x|| < ||6||. Hence, x G U{Xi,). 

If ^0 = then the Banach quasi *-algebra {X, Aq) is said to be full. If 
•^o[|| • Hop] is a C*-algebra, then {X,Ao) is called a proper CQ* -algebra [12] . 

Let {X,Ao) be a full proper C(5*-algebra. Suppose ^o[|| ■ \\]q+ H = 
(^o)+- Then, U{Ao)+ is ||-||-closed. Indeed, take an arbitrary x G U{Ao)+ 
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Then, there is a sequence in Z/^(-4o)+ such that hm ||a„ — = 0. 

Since {X,Ao) is fuU, it follows from (3.9) that x € V({Ao), which implies 
X e ^o[|| • \\]g+ n A = Thus, U{Ao)+ is II • ||-closed. 

Banach quasi C*-algebras are related to proper C(5*-algebras in the 
following way: 

1. If{X,Ao) is a full proper CQ* -algebra with Ao[\\-\\]q+r\Ao = (^o)+; 
then X is a Banach quasi C* -algebra over the C* -algebra Aq[\\ ■ \\op]- 

This follows by the very definitions (in this respect, see also Example 
3.5) and (3.7), (3.8), (3.9). 

2. Conversely, suppose that A is a Banach quasi C* -algebra over the 
C* -algebra Ao[\\ ■ ||o]. Then, (^, ^o) is a proper CQ* -algebra if and only if 
W^Wop = IIq^IIoi for all a € Aq. 

We consider the following realization of this situation. Let / be a 
compact interval of M. Then, it is shown that the proper C(5*-algebra 
{LP {!) , L°° {!)) is a Banach quasi C*-algebra over L°°{I), but the proper 
CQ*-algebra {LP{I),C{I)) is not a Banach quasi C*-algebra over C{I). 

A noncommutative example of a proper C(5*-algebra, which is also a 
Banach quasi C*-algebra, can be constructed as follows. Let 5 be a (possibly 
unbounded) selfadjoint operator in a Hilbert space Ti, with S > I. Let C{S) 
be the von Neumann algebra 

c{s) = {x e B{n) : xs-^ = s-^x}, 

where B{TC) is the C*-algebra of all bounded linear operators on Ti. We 
denote with || • ||o the operator norm in BiTi). Let us define on C{S) the 
norm 

\\X\\ = \\S^^XS~^\\fi, XgC(5). 

Let C{S) denote the || • ||-completion of C{S). Then, it is easily seen that 
(C(5'),C(S)) is a proper C(5*-algebra. Making use of the weak topology of 
B{7i), one can prove that (T4) also holds on C{S). The proof will be given 

in the next Section in a more general context. Then, C{S) is a locally convex 
quasi C*-algebra. 

Example 3.7. In this example we will shortly discuss the so-called physical 
topologies on a noncommutative C*-algebra, first introduced by Lassner 
[151 [19] in the early 1980's. Thereafter these topologies revealed to be very 
useful for the description of many quantum physical models with an infinite 
number of degrees of freedom (for reviews see \22\ [9] and[6l Ch. 11]). In 
view of these applications, it seems interesting to consider the question under 
which conditions they can be cast in the framework developed in this paper. 

Let ^0 be a C*-algebra and S = {tTq,; a € /} a system of *-representations 
of Ao on a dense subspace Va of a Hilbert space 7ia, i.e. each tTq, is a *- 
homomorphism of „4o into the 0*-algebra L^(I?q,) (see Section 4). Since Aq 
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is a C*-algebra, each tTq is a bounded *-representation, i.e. vrQ,(x) G B{7ia)i 
for every x ^ Aq. The system S is supposed to be faithful^ in the sense 
that if X G 3^/0, then there exists a G S such that 'Kaix) ^ 0. 
The physical topology rs is the coarsest locally convex topology on Aq 
such that every 7r„ G S is continuous from A[ty\ into L^('DQ,)[r„(L^('DQ,))], 
where Tu(Jj\T>a)) is the L^(!DQ)-uniform topology oilJ{Va) (see Section 4). 
This topology depends, of course, on the choice of an appropriate system 
E of *-representations of ^oi these =f!-representations are, in general noth- 
ing but the GNS representations constructed starting from a family of 
states which are relevant (and they are usually called in this way) for the 
physical model under consideration. Every physical topology satisfies the 
conditions (Ti), (T2) and (T4), but it does not necessarily satisfy (T3). 
Here we show that ^o[''"e] is a locally convex quasi C*-algebra over Aq for 
some special choice of the system S of *-representations of ^o- Suppose 
that Va = V^iMa) = nneN^(^a)' ^^^^^re Ma is a selfadjoint unbounded 
operator. Without loss of generality we may assume that Mq, > /„, with Iq 
the identity operator in B{?ia)- Let S be a system of representations tTq of 
^0 on T>a such that 'ira{x)Ma(, = MaT^a{x)£,^ for every x ^ Aq and for every 
G Vet- Then w4o[rE] is a locally convex quasi C*-algebra over Aq. This 
follows from the fact that, in this case, the physical topology rs is defined 
by the family of seminorms 

pL{x) '■= \\f{^ia)'^a{x)\\o (operator C*-norm), V 2; G 

where tTq G S and / runs over the set T of all positive, bounded and 
continuous functions on M"*" such that sup2,g]g+ x^ f{x) < 00, for every k = 
0, 1, 2, . . . |19l Lemma 2.8], and from the inequality 

vLi^y) = \\f{Ma)TTa{x)TTa{y)\\Q < \\tT a{x)hpl{y) , V X, y G Aq. 



4 Locally convex quasi C*-algebras of operators 

Let 2? be a dense subspace in a Hilbert space TL. Let L(I?) be the al- 
gebra (under usual algebraic operations) of all linear operators from T) 
to V and lJ{V) := {X G L(P) : V{X*) D V and X*V C P}, where 
V{X*) stands for the domain of the adjoint X* of X. Then h^V) is a 
*-algebra under the involution X'^ := X* I'D (see \n\ p. 8]). Furthermore, let 
L^V,H) denote all linear operators X from V to H such that 'D{X*) D V. 
Then, V{V,n) is a *-preserving vector space endowed with the usual lin- 
ear operations and the involution X^ := X*\T> (ibid., p. 23). In particular, 
L^(P, 7Y) is a partial *-algebra [HI Proposition 2.1.11] under the (weak) par- 
tial multiplication XUY = X^*Y , defined whenever YD C V{X'^*) and 
Xtp c V{Y*),X,Y G L■f(D,?^). 
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Let now A4o be a unital C*-algebra over Ti that leaves "D invariant, i.e., 
MqV C v. Then, the restriction Mo\T> of Mo to V is an 0*-algebra on 
P, therefore an element X of A^o is regarded as an element X[D of AdolD. 
Moreover, let 

MoCMc L\V,n), 

where A4 is an 0*-vector space on V, that is, a *-invariant subspace of 
L^CDjH). Denote by B{Ai) the set of all bounded subsets of P[t_A4], where 
i_A/( is the graph topology on ^A (see [171 p. 9]). Further, denote by Bf{'D) 
the set of aU finite subsets of V. Then Bf{V) C B{M). A subset B of B{M) 
is called admissible if the following hold: 

(i) BfiV) c B, 

(ii) V 9Jl2 G -B, 3 9K3 G S : 9Jti U 9K2 C aJta, 

(iii) AmeB,y A^Moand V 9Jl G 

It is clear that Bf{T)) and /B(Al) are admissible. Consider now an arbitrary 
admissible subset B of B{M.). Then, for any 971 G ;B define the following 
seminorms on M.: 

Pm{X) := sup \{XC\v)\, XeM (4.1) 

p™(X) := sup llXell, XG>I (4.2) 

(X) := sup{||Xe|| + llXt^ll}, XgA^. (4.3) 

We call the corresponding locally convex topologies on Ai defined by the 
families (4.1), (4.2) and (4.3) of seminorms, B-uniform topology, strongly B- 
uniform topology, resp. strongly* B-uniform topology on M and denote them 
by Tu{B), T^{B), resp. t^{B). In particular, the ;B(Al)-uniform topology, 
the strongly ;B(A4)-uniform topology, resp. the strongly* ,B(A^)-uniform 
topology will be simply called M -uniform topology, strongly M -uniform 
topology, resp. strongly* M-uniform topology and will be denoted by Tu{M.), 
T^{M.), resp. r"(A4). In the book of Schmiidgen [20], these topologies are 
called bounded topologies and Tu{B), t^{B) are denoted by rg, r^, while 
Tui-M), r"(Al) are denoted by r-p, r-^, respectively. The Bf{'D)-umform. 
topology, the strongly S/(r')-uniform topology, resp. the strongly* Bf{V)- 
uniform topology is called weak topology, strong topology, resp. strong* - 
topology on M, denoted resp. by t^j, Ts and r^*. All these topologies are 
related in the following way: 







Tu{B) 




Tu{M) 


x\ 




x\ 




x\ 


Ts 




T'^iB) 




r"(7W) 


X\ 




x\ 




X\ 




■< 


tHB) 




T^{M). 



(4.4) 
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We investigate now whether Aio[Tu{B)] and M.o[t^{B)] are locally convex 
quasi C*-algebras over ^Ao. So, we must check the properties (Ti)-(T4) 
(stated before and after Definition 3.1) for the locally convex topologies 
Tu{B),tI^{B) and the operator C*-norm || • ||o on A^o- 

(Ti) This follows easily for both topologies, since B is admissible and 
MqV C V. 

(T2) Notice that for all X G and '>M ^ B we have: 

pf{X) = sup{||Xe|| + llXtell} < (2 sup ||C||)||X||o, 

so by (4.4) we conclude that Tu{B) ^ t^{B) ^ \\ ■ \\o- 

(T3) Concerning t^{B), the property (T3) follows easily from the very 
definitions. Now, notice the following: For any X, y G Mq with XY = YX 
and Y* = Y, one concludes that 

p^niXY) < \\X\\o sup {\Y\^\C) , y m e B, (4.5) 

where \Y\ := (y2)i/2. Then, it follows that for any X,Y e Mq with XY = 
YX and y > 0, one has 

PmiXY) <\\X\\osupiY^\0, V OJt G R 

We prove (4.5). From the polar decomposition of Y, there is a unique 
partial isometry V from Ti to Ti such that 

y = V\Y\ = \Y\V, kei{V) = ker(y) and VY = \Y\. 

By continuous functional calculus it follows that: X commutes with both 
\Y\ and \Y\^/^, but also V\Y\'^/'^ = \Y\^/^V. Thus, 

PmiXY) = sup \ {XYC\r])\ = sup \ {V\Y\XC\r])\ 

= sup |(x|y|^/2^||y|^/Vr/)| < sup ||x||o|||y|^/^c||||l>'l^^^??|| 




< ||X||o sup(|y|ek), VOJtGS. 



But, we can not say whether (T3) holds for Tu{B). In the case when A^o is 
a von Neumann algebra we have the following: 

• If M.0 is commutative, then (T3) holds for the topology r^. 

• If is a commutative 0*-algebra (see \17\ p. 8]) on V in 7i, containing 
Mo, then (T3) holds for the topology Tu{M). 
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Indeed: Suppose that Ai is commutative with Mq C M.. For each 
9Jt € B{M) consider the set 

Tl' := U{Vm : V partial isometry in Mq}- 

Commutativity of M imphes that Tl' G B{M). Moreover, dJl C Tl'. Let 
now X, y € Mo- Let Y = V\Y\ be the polar decomposition of Y. Since 
A4o is a von Neumann algebra, we have V G Mq, which implies that 

pm{XY)= sup |(xy^|7?)| = sup |(yx|y|^/2d|y|i/2j^^| 
< \\vx\\o sup lliyi^/^clllll^^l^^NII 
= ||x||osup(|y|e|0 

= \\X\\osnp{Y^\V*0 

<\\X\\o sup \{Y^\r])\ = \\X\\oPm'(Y). 

Hence, (T3) holds for r„(A4). 

(T4) This property holds for all to pologies in (4.4). It suffices to prove 
(T4) for the topology Tw So, let X G U{Mo) be arbitrary. Then, there 
is a net {Xq,} in U{Aio) with X^ — > X. Notice that the sesquilinear form 

defined on D x D by 

V xV B {^,1]) ^ lim{Xa(.\ri) G C, 

is bounded. Hence, X can be regarded as a bounded linear operator on Ti. 
such that 

||X||o = 1 and {X^\r]) = lim(X^^|r?), V ^,7? G P. 

Since V is dense in 7^, an easy computation shows that 

{Xx\y) = lhn{Xax\y), ^ x,y eH. (4.6) 

This proves that X G Mq Pi B{'H)i = U{Mq), which means that U{Mo) 
is r^-closed. A consequence of (4.6) is now that Z//(A^o)+ is weakly closed. 
Similarly we can show that A4o[T^]g+ H A^o = (-^o)+i therefore (T4) holds 
for the topology Tw on Mq. From (4.4), (T4) also holds for the topologies 
Tu{B) and T^{B). 

From the preceding discussion we conclude the following 

Proposition 4.1. Let B be an admissible subset ofB{M). Then, Mq[t'^{B)] 
and Mq[ts*] are locally convex quasi C* -algebras over Mq. If Mq is a 
von Neumann algebra and there is a commutative O* -algebra M on D in 
7i, containing Mq, then Mq[tw\ and Mq[tu{M)] are commutative locally 
convex quasi C* -algebras over Mq. 
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Remark 4.2. (1) In general, we do not know whether A^o[''"m('S)] and 
■A^o['^i«] are locally convex quasi C*-algebras. 

(2) The locally convex quasi C*-algebra A^o[''"s*] over A4o, equals to the 
completion A1o[ts*] of the von Neumann algebra Mq with respect to the 
topology Ts* , but AIq [ts*] is not necessarily a locally convex quasi C*-algebra 
over Mq, since in general, Ai'^V (t T>. In the case when MqT) C T>, one has 
the equality 

set-theoretically; but, the corresponding locally convex quasi C*-algebras 
over Mq do not coincide. In particular, one has that 

We present now some properties of the locally convex quasi C*-algebra 

Mq[Ts*]. 

Proposition 4.3. Let A E A4o['^s*](}+- Consider the following: 

(i) A G M)[T-s.]cg+- 

(ii) {I + A)~^ exists and belongs to JJ.{Mq)j^. 

(iii) The closure A of A is a positive self-adjoint operator. 
Then, one has that (i) =^ (ii) (iii). 

Proof, (i) =r- (ii) It follows from Proposition 3.2, (1). 

(ii) =^> (iii) Since (/ + A)~^ is a bounded self-adjoint operator and 
{I + A)-'^V (ZV,ii follows that 

{{I + A)-\I + A'')i\r^) = {{I + A*)C\{I + Ar\) = (C|r?), 

for all ^ G T>{A*) and rj £ T>, which implies 

(A*e|c) = {{I + A*)^\{i + ArHi + A*)c) - (c|c) 

= (e| (/ + A*K) - (^|C) = (^1^*0, V ^, c G viA*). 

Hence, ^ € 'T>{A) and AS^ = A*S^. It is now easily seen that A is a positive 
self-adjoint operator. □ 

Corollary 4.4. Suppose that A G Mq[ts*] and MqV C V. Then, the 
following statements are equivalent: 

ii) AeM'^TsAcq+. 

(ii) (/ + A)-iGZi(K')+. 

(iii) A is a positive self-adjoint operator. 

Proof. From Proposition 4.3 we have that (i) ^ (ii) =^ (iii). 

(iii) ^ (i) This follows easily by considering the spectral decomposition 
of A □ 
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It is natural now to ask whether there exists an extended C*-algebra 
(abbreviated to £'C*-algebra) A4 on V such that 

Mo C M C Mo[ts*]. 

If 7W is a closed 0*-algebra on V in H, let Mb := {X £ M -.X e B{n)} 
be the bounded part of M, where B(H) is the C*-algebra of all bounded 
linear operators on Ti.. Then, when Mb = {X : X S Mb} is a C*-algebra on 
H and {I+X*X)~'^ G Mb, for each X € M, M is said to be an EC* -algebra 
on V. 

In this regard, we have the following, which gives a characterization of 
certain £'C*-algebras on P, through the set of commutatively quasi-positive 
elements of A^o[''"s*]- 

Proposition 4.5. Let M he a closed O* -algebra on V such that Mq C 
M C A4o[ts*] and Mb = Mq. Then, M is an EC* -algebra on T> if and 
only ifM+C Mo[Ts*]cq+. 

Proof. Suppose that M is an £'C*-algebra on V and let A € M+ be arbi- 
trary. Then, since Mb = Mq, A is a bounded positive self-adjoint operator 
with (/ -I- A)~^ e U{Mo)+. But, A4o[''"s*] is a locally convex quasi C*- 
algebra (Proposition 4.1), therefore l/{{Mo)+ is rs*-closed. Note that for 
each n G N, the elements X„ := A{I -\- ^A)~^ belong to (A^o)+) are com- 
muting and Xn A, so Definition 3.1 implies that A € A4o[Ts*]cg+. 

Conversely, suppose that M+ C Mo[Ts*]cq+- So, A ^ M implies A^^A G 
Mo[Ts*]cq+, therefore (I -\- A+A)"^ G l{{Mo)+ from Proposition 3.2, (1). 
Now, since Mb = Mq we finally get that M is an £'C*-algebra on D. □ 

5 Structure of commutative locally convex quasi 
C*-algebras 

Throughout this Section A[t] is a commutative locally convex quasi C*- 
algebra over a unital C*-algebra ^o- If the multiplication of with respect 
to the topology r is jointly continuous, then A[t] is a commutative CB*- 
algebra [151 Theorem 2.1], and so A[t] is isomorphic to a *-algebra of C*- 
valued continuous functions on a compact space, which take the value oo on 
at most a nowhere dense subset O Theorem 3.9], where C* is the extended 
complex plane in its usual topology as the one-point compactification of 
C. The purpose of this Section is to consider a generalization of the above 
result in the case when the multiplication of A[t] is not jointly continuous. 
As a* a is not necessarily defined for a G A[t], it is impossible to extend any 
nonzero multiplicative linear functional <p on to A[t], like in the case of [H 
Proposition 6.8]. Here we show that if is extendable to a C*-valued partial 
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multiplicative linear functional on ^[r]g+, and that ^[r]q+ is isomorphic 
to a wedge of C*-valued positive functions on a compact space, which take 
the value oo on at most a nowhere dense subset. This result will be applied 
in Section 6 for studying a functional calculus for quasi-positive elements. 
Using the notation given after Definition 3.1, define now a wedge of A[t] as 
follows: 

A[t]^+ := A[t] n = A[t] n {Ao)+\ 

Then, let 

Tl{Ao, A[T]g+) := {ax + y: a£ A[T]g+, x,y £ Aq}, 

and denote by ^A{Ao) the Gel'fand space of i-e. the set of all nonzero 
multiplicative linear functionals on endowed with the weak*-topology 
a{M.{Ao), Ao). Now, let a G ^[r]g_|_ and x,y £ Aq. Suppose x is hermitian. 
Then, by continuous functional calculus, x is uniquely decomposed in the 
following way: 

X = x+ — X-, x+, X- € (^o)+) x^X- = 
|x| = {x*xy/'^ = x+ + x^ e {Ao)+. 

Hence, a\x\, ax^, ax^ £ A[T]g^, and by (1) and (2) of Proposition 3.2, 
{1 +a|rE|)~^, a|rE|(i +a|j;|)~^ G (^o)+- Furthermore, since 

a|x|(i + alxl)""*" — ax^{l + alxl)""*" = ax-{l + a\x\)^^ € ^oM(}+! 

Proposition 3.2,(4) implies that ax+(i +a|a;|)~^ € (^o)+- Similarly, ax_(i + 
a|x|)~"^ € (^o)+- Hence, we have 

{ax + y){l + a\x\)~'^ = ax^{l + alxl)""*" — ax^{l + a|a;|)~"'" 

+ y{l +a|x|)~^ G A- 

Since a general element x of Aq is a linear combination of two hermitian 
elements of we finally obtain that 

{ax + y){l + a\x\)~^ G Aq^ V a G -4.[r]q4. and x, y G Aq. 

Indeed: Let x be arbitrary in Aq. Then, x = xi + ix2, with xi and X2 
hermitian. An easy computation shows that 

\x\ < \xi\ + \x2\, \xj\ < \x\, (1 + a\xj\){l + a|x|)~"'" G A[T]g+, 
and 1 - (1 + a\xj\){l + a|x|)~^ G j = 1,2. 

The latter together with Proposition 3.2,(4) gives (1 + a|xj|)(l + a|x|)~^ G 
{Ao)+] moreover, from the above {axj + y){l + a|xj|)~^ G Aq. Thus, for 
j = 1,2, we get 

{axj+y){l + a\x\y^ = {{axj +y){l + a\xj\y^){{l + a\xj\){l + a\x\)-'^) G Aq, 
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which imphes 

{ax + y){l + a\x\)^^ = {axi + y)(l + a\x\)~^ + 1x2(1 + a\x\y'^ e ^o- 

Hence, the elements ip{{l +a\x\)~^) and ip{{ax + y){l +a\x\)^^) are complex 
numbers for each ip € A4{Ao), so that we can consider the correspondence 

if' : miAo, A[T]g+) — ^ C* = C U {00}, with 

V ^ ^ / ^"SiaNH'r'^ if^((i+a|xri)/0 
ax + y if (ax + v) = { ) 

[00 if +o|x|)-i) = 0. 

Then, we have 

Lemma 5.1. The following statements hold: 

(1) For every if G A^(„4o) the correspondence ip' , given above, is well- 
defined. 

(2) Let a € ^[r]g+ and x € ^o- Then, (1 + a)~^ exists in Aq (from 
Proposition 3.2,(1)) and we have: 

(i) ip{{l + a\x\)~^) = implies ip{{l + a)~^) = 0, G M{Ao). 

(ii) ip{{l + a)~^) = and i^iyx) 7^ imply ip{{l + alxl)"-*^) = 0,(/? E 
>I(A). 

Proof. (1) Let a, 6 € ^[T]g+ and x, y, z,uj G ^0 such that ax + y = bz + w. 
Then, for every 93 G Al(^o) one has that 

ifiil + a\x\y^) = 0^ ifiil + 6|z|)~^) = 0. (5.1) 

Indeed: We first show (5.1) in case x and z are hermitian. Since ax + y = 
bz + w, we have 

(i + a\x\) - 2ax- + y = {1 + b\z\) - 2bz- + vu. 

We multiply the last equality by {1 + a\x\)~^{l + 6|2;|)~^ and get 

{1 +b\z\)~^ -2ax.{l + a\x\)-\l + b\z\)-^ + y{l + a\x\)-\l + b\z\)-^ 

= {1 +a\x\)-^ -2bz-{l +b\z\)~^{l +a\x\)-^ +w{l +a\x\)-^{l +b\z\)-^. 

This implies that for every 93 G M{Aq) 

ifiil + a\x\)~^) = 0^ ifiil + 6|z|)-^) = 0. (5.2) 

We next prove (5.1) in the case when x and z are arbitrary elements of ^o- 
Then, the elements x, y, z and w are decomposed into 

X = Xi + iX2, y = yi+iy2, Z = Zl+iZ2, W = Wl+iW2, 
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where Xj,yj, Zj,Wj {j = 1,2) are hermitian elements in that satisfy the 
equations: 

axi + yi = bzi + wi, ax2 + y2 = bz2 + W2- (5.3) 
We show now that 

(^((i +a|x|)-i) = ^ either (^((i +a|xi|)-i) = 

or ^{{1 +a|x2|)-^) = 0. ^ ^ ^ 

Suppose that ip{{l + a|xi|)~^) / and ip{{l + o|x2|)"-^) ^ 0. Then, 

{1 +a{\xi\ + |X2|))"^ - {1 +a\xi\)-\l +o|x2|)"^ 

= {1 +a{\xi\ + \x2\))-\a\xi\{l + a\xi\)-^){a\x2\{l +a|a;2|)-^) G (A)+, 

whence 

^{{1 + a(|xi| + |X2|))-') > ^{{1 + a\xi\)-\l + a|x2|)-') > 0. 

Furthermore, since < + \x2\, we have 

< ifiil +a{\xi\ + |X2|))-') < ^{{1 +a\x\)-^). 

Hence, (p{{l + alxD^"*^) ^ 0. Conversely, suppose (^((i + alxil)""*^) = or 
+ o|x2|)~"'") = 0. Then, since {1 + a|xj 1)^-*- > (1 + a\x\)~^, j = 1, 2, we 
have that ip{{l + a|x|)"^) = 0. 

Now from (5.2), (5.3) and (5.4) we get 

ip{{l + a\x\)-^) = ^ ifiil + a|xi|)-i) = or + a|x2|)-^) = 
^ ^{{1 + b\zi\y') = or ^{{1 + 6|z2ri) = 
^^{{1 +b\z\y') = 0. 

Thus, (5.1) has been shown. Now, by assumption ax + y = bz + w, conse- 
quently 

^p' {ax + ?/) = oo ip' (\)z + u;) = oo. 
On the other hand, from (5.1) it follows that 

ip'{ax + y) < oo <^ ip'{bz + w) < oo. 

In this case, 

^ ^ ^{{ax + y){l +a\x\)-\l +b\z\)-^) 
(p (ax + y) = ; — ^- — — — -— -- — -- — = p (bz + w) 

' p{{l +a\x\)~^)p{{l +b\z\y^) ' 

and this completes the proof of (1). 
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(2) (i) Suppose Lp{{l + a\x\)~^) = 0, (/? € M{Aq), Then, 

{1 +a)-^ = {1 +a\x\)-^{l +a\x\){l + a)'^ 

= {1 + a\x\)-\{l + a)-^ + \x\a{l + a)~^) 

= {1+ a|x|)-i((i + a)-i + |x| - \x\{l + ay^) 

= {1 +a\x\Y^{{l - \x\){l +a)-^ + |x|), 

where (i — \x\){l +a)~^ + |x| € ^o- So applying ip we have ^{{1 +a)~^) = 0. 

(ii) Suppose that ip{{l + a)"^) = and (p{x) / 0, (/? € M{Ao). Then, 
we apply 93 to the final result of the preceding calculation in (i) and we take 

ip{[l +a\x\r^M\x\)=Q. 

Since <p{x) 7^ if and only if 7^ 0, clearly we have <p{{l + a|x|)~^) = 

0. □ 

Proposition 5.2. For (p € A4{Ao), the well defined map ip' has the following 
properties: 

(1) ip' D ip (i.e., p' is an extension of p); 

(2) ip'{ax + y) = p'{a)(p{x) + ip{y) and p'{ax) = p'{a)(p{x), whenever 
a € ^[r]q-|_ and x^y ^ Aq such that ip'{a)ip{x) 7^ cxo • 0; 

(3) ip'{a + h) = ip'{a) + ip'{h), for all a,b e ^[r]q+; 

(4) p'{Xa) = \p'{a), for all X £ C and a £ A[T]q^, where • cxo = 0. 

Proof. (1) It is trivial. 

(2) Suppose that p'{a)ip{x) 7^ 00 • 0, (^9 € A4{Ao). Then, from the defini- 
tion of (p' and Lemma 5.1,(2), we have the following implications (considering 
separately the cases where p'{a) is infinite or not): 

• p'{ax + y) = 00 ^ ^'{cl) = CO 

t t 
^((i +a|x|)-i) = pi{l+ay^) = 

ip'{a)p{x) + ip{y) = 00. 

• p'{ax + y) < 00 ^ '/''(«) < 00 

t t 
ipiil + a\x\)-^) ^ ipiil + a)'') ^ 0. 

So, in this case we also get 

,, , ipiaxil + a\x\)~^) , . 

^''■"+''>= ^((;+„iJi)-i) +»'fa> 

and this completes the proof of (2). 
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(3) Observe that for any a, 6 G ^[r]q+, one has 

{1 +a)-\l+b)-^ =(i + +a)-i(i +6)-i 

+ a{l + a)-\l + b)~^ + (i + ay^b{l + 6)"^), 

where {1 +a)-^{l + b)-^ + a{l +a)--^{l + b)-^ + {l + ay^b{l +6)"^ € Aq 
(see Proposition 3.2). Thus, applying any Lp G M.{Aq) to the last equality 
we conclude that 

+ a + b)~^) = implies either , > 

(^((i + a)-i) = or ip{{l + = 0. ^ > 

Conversely, observe that 

{1 + a)-^ = {l+a + b)-^ + b{l+a + b)-\l + a)-\ 

where b{l +a+b)~^ G by Proposition 3.2,(4), since {a+b){l+a+b)~^- 

a{l +a + by^ = b{l +0 + 6)"^ G with (a + 6)(i +a + 6)"^ G (A)+- 

So, taking also into account an analogous equality for (1 + b)~^, as well as 
(5.5) we have that 

ip{{l + a + b)~^) = 0^ either ip{{l + a)"^) = or 
V9((i +6)-i) = 0, VipeMiAo). 

Using now the preceding equivalence, clearly we conclude that: 

• ip'{a + b) = 00 either (p'{a) = cxo or ip'{b) = 00; thus, 

ip'{a + 6) = ip'{a) + ip'{b) = 00; or 

• if' {a + b) < 00 ^ ^'{0) < 00 and (p'{b) < 00. 
In this case, 

(p'{a + b) 

^ ip{a{l + a)~Hl + by\l + g + b)"^ + b{l + a)-^(i + b^^l + a + 6)"^) 

(^((i +a)-i)(/.((i +&)"i)(/.((i +a + 6)-i) 
_ ^{ail+a)-^) ^{b{l+br^) 
^((i +a)-i) + v^((i +5)-i) 
= ip'{a) + ip\b). 

(4) It follows from (2) by replacing x with Ai, A G C, and y with 0. □ 

Remark 5.3. In order to have all the values of ip' fully determined, we need 
to define the following: 

• ip'{a)ip{x), if' [ax) + (p' (bx) and ip' {a)(p{xi) + if' {a)ip{x2)-, for any 
a, 6 G -4[r]g+ and xi,X2 G Aq. 

Prom Proposition 5.2 we conclude that: 
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(i) ip'{a)if{x) = if' (ax), for any a € ^[T]g+ and x G Aq with 
if'{a)ip{x) 7^ CX3 • 0. 

(ii) if' (ax) + if'ihx) = (p'{{a + b)x), for any a, b £ ^[r]y_|_ and x £ Aq 
with either ip'{a)ip{x) / oo • or ip'{b)ip{x) / oo • 0. 

(iii) (/9'(a)(/7(a;i +3:2) = V3'(a(xi +X2)), for any a G ^[r]q+ and xi, X2 G 
^0 with Lp'{a{xi + X2)) 00 • 0. 

Furthermore, the definition of ip' and Proposition 5.2 imply that: 

(1) When if' (a) = 00 and ^{x) = 0, the value ip'{ax) of depends upon 
a and x. For instance, 

• X = ^ (/9'(ax) = /(O) = (/?(0) = 0; 

• x = {l +a)-i ^ (/:)'(a(i +a)-^) = ip{a{l +a)-^) = (p{l -{1 +a)"^) = 

J. 

(2) For a, 6 € ^[r]g+ and x G ^0 such that either ip'{a)ip{x) = cxd • or 
ip'{b)ip{x) =00-0, the value + b)x) clearly depends upon a, b and x. 

(3) For a G ^[r]g+ and xi^X2 G ^0 such that either ip'{a)(p{xi) = 00 • 
or ip'{a)ip{x2) = 00-0, then again the value ip'{a{xi + X2)) depends upon a, 
xi and 2:2. 

Conclusion. We define the requested values of ip' by (i), (ii) and (iii), 
for any a, b £ A[T]q^ and xi,X2 G ^o- 

Remark 5.4. We do not know whether ip' is defined or not on the linear 
span of Tl{Ao, A[t](j+). 

Now, for any a G .4.[r]g4. and x,y £ Aq, we fix the notation: 

ax + y{ip) = ip'{ax + y), 92 G A^(„4o). 

Then, we have the following 

Proposition 5.5. ax + y is a C* -valued continuous function on the compact 
Hausdorjf space A^(^o)! which takes the value 00 on at most a nowhere 
dense subset of ^A{Ao). 

Proof We shall show that the set 

=W^ A^(A) : J{V) = 00}, 

is a nowhere dense closed subset of A^(^o)- Notice that 

= -^Mo) : ^{{1 + a\x)-') = 0}, (5.6) 
from which it follows that N-^^^^^ is closed. Now, suppose that 

3 U non-empty open subset of M.{Aq) with U C N-^^^^. 

From the commutative Gel'fand-Naimark theorem, Aq — C{M{Aq)), up to 
an isometric ^-isomorphism. Thus, using Urysohn's lemma for A^(^o) we 
get that 

3 6 G A : ll^llo = 1 and b{ip) = ip{b) = 0, ^ ip^U. 
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But this together with (5.6) and the fact that lA C ^-^^^^^ impUes 

+a|x|)^i) = 0, V^gA^(A)- 

The afore-mentioned identification Aq ~ C{M.{Aq)) gives now h{l +a\x\)~^ = 
0, which clearly yields 6 = 0, a contradiction to ||6||o = 1. Hence, -/V^jjq:^ is 
a nowhere dense closed subset of A^(^o)- 

Next we show that ax + y is continuous on M.{Aq). Put 

z = {1 + a\x\)~^ and w = ax{l + a\x\)~^ . 

Take an arbitrary ipQ € M{Aq) and consider the cases: 

• ax + y{ipo) oo, i.e., z{lpo) / 0. 

From the continuity of z there is a neighborhood U^^ of (fQ with z{(p) ^ 0, 
for all if £ lyl^Q- Thus, we get 

z{ip) 

where all functions w, z,y are continuous at fo, so that the same is true for 
ax + y. 

• ax + y{ipo) = oo, i.e., z{ipo) = 0. 

Take an arbitrary net {(fa} in M{Ao) such that fa^fo, with respect to 
the weak* -topology a{M{Ao),Ao). Then, 

z{ipa) z{ipo) = 0, 

where z{Lpa) 7^ 0, since -^ujjrijr^ is a nowhere dense subset of J^(^Aq^. Since 
^a{{ax*i{l + a\x\)-^){ax{l + a\x\r^))^/^ 



ax + y{ip) = + y{ip), V ip eU^o, 



\ax{(Pa)\ 



ipaiil +a\x\)-'^) 
(Pa{{a{l +a\x\)-^){x*xa{l + a\x\)-^))^/^ 

V?a((-Z +a|x|)-i) 
(^^((a|x|(i+a|xri)^)V^ 

ipaiil +a\x\y^) 
(pa{a\x\{l + a|x|)"^) 

ifaiil +a\x\)-^) 
ifcjl - {1 +a\x\y^) 
ipa{{l +a\x\)-^) 
1 

1, 



it follows that lim ax {ip a) = 00, which implies 

a 

lim ax + y{ipa) = 00 = ax + y{^o)- 

a 

This completes the proof of the continuity of ax + y at ipo ; so the proof of 
Proposition 5.5 is finished. □ 
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All the above lead to the following 

Definition 5.6. Let be a completely regular topological space and J^{W)+ 
the set of all C*-valued positive continuous functions on W, which take the 
value oo on at most a nowhere dense subset Wq of W. Then, T{W)+ is 
said to be a wedge on W, if for any f,gG T{W)+ and A > 0, the functions 
f + g and A/ defined pointwise on Wq on which / and g are both finite, are 
extendible to C*-valued positive continuous functions on W that also be- 
long to T{W)+. We keep the same symbols f + g and A/ for the respective 
extensions. 

Consider now the set 

T{W) = {fgo + ho:fe HW)+,go, ho S C{W)}, 

where C{W) is the *-algebra of all continuous C- valued functions on W. 
Then, the set TiW) fulfils the following conditions: 

• (/i + f2)go = fm + /2ffo, 

• (A/)5'o = Kfao), 

• figo + ho) = fgo + fho, 

for aU /, /i, /2 G HW)+, go, ho G C{W) and A > 0. 

Definition 5.7. We call JF(M^) the set of C*-valued positive continuous 
functions on W generated by the wedge J^{W)+ and the *-algebra C{W). 

In this regard (see also Remark 5.3), we have the following 

Theorem 5.8. Let T{M{Ao))+ = {a : a e ^[t]^+}. Then, 

(1) T{M{Ao))+ is a wedge on M{Ao)- 

(2) The map ^ : Tt{Ao, A[T]qj^) J^{M{Ao)) : ax + y ^ aaf+~y, is a 
bijection satisfying the properties: 

(i) HA[T]g+) = J^{MiAo)h, with 

$(a + b) = $(a) + $(6) and ^{Xa) = A<I>(a), for all a,b € ^[r]g+ and 
A > 0. 

(ii) ^(Ao) = C{^A{Ao)), ^ being an isometric ^-isomorphism from Aq 
onto C{M{Ao)). 

(iii) ^{ax) = ^{a)^{x), for all a G >i[r]g+ and x G Aq. 

^>((a + b)x) = ($(a) + for all a,b e A[T]q+ and x G Aq. 

$(Aax) = A<I>(a)<I>(x), for all a G A[T]q+,x G Aq and A > 0. 
$(a(xi+X2)) = ^{a){^{xi) + ^{x2)), for alia G ^[-r]q+ and xi,X2 G 
Aq. 

Proof. The statements (1), (2)(i) and (2)(ii) follow from Propositions 5.2 
and 5.5. We show the statement (2) (iii). Let a G ^[r]g+ and x G ^o- From 
Proposition 5.5, a and ax are C*-valued continuous functions on A4{Ao) 
that take the value oo on at most a nowhere dense subset of A4{Ao)- Hence, 
the set 

IC = {if £ A^(^o) : a{(p) < oo and ax{ip) < oo} 
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is dense in A4{Ao) and 

ax{ip) = a{ip)x{ip),y if £ IC, 

therefore by the continuity of a and ax we conclude that ax = ax, from which 
it follows that $(ax) = "3>(a)"3>(x). The rest of the properties in (2)(iii) are 
similarly proved. □ 



6 Functional calculus for quasi-positive elements 

Throughout this Section A[t] is a commutative locally convex quasi C*- 
algebra over a C*-algebra ^o- Here we shall consider a functional calculus for 
the quasi-positive elements of A[t\, resulting, for instance, to consideration 
of the quasi nth-root of an element a G ^[r]q4. (see Corollary 6.7). For this 
purpose, we first need to extend the multiplication of A[t]. 

Definition 6.1. Let a,b G ^[r]g+; a is called left-multiplier of b, and we 
write a € L{b), if there exist nets {xa},{y^} in (^o)+ such that Xa —* a, 

T 

y/3 —* b and XaU^ — > c (in the sense that the double indexed net {xayfs} 

T T 

converges to c). The product of o, b denoted by ab is given as follows 

ab := c = T-limXaVp- 

Lemma 6.2. The product ab is well-defined, in the sense that it is indepen- 
dent of the selection of the nets {xq}, {yp}- 

Proof. Let {xq,}, {yp} be two nets in (^o)+ such that 

Xa-* a, yp -*b and Xayp c. 

T T T 

Then (also see Proposition 3.2) 

{1 + Xa)-'xaypil + yp)-\l + c)-i -{1+ a)-^c{l + c)-\l + 6)-i 
= {{1 + Xa)-^xayf3{l + yp)-\l + c)-i -{1+ xa)-^cil + c)-\l + yp)-^) 
+ ((i + x^r^cil + cr\l + y^)-i - (i + ay^cil + c^^l + yf,y') 

+ {{1 + ar'c{i + crHi + y^r' ar\{i + cr\i + br^). 

As we have seen in the proof of Proposition 3.2,(1) {1 + Xq-)~^ — > a, so 

r 

taking r-limits in the preceding equality, we conclude that 

{1 + x^r^x^ypii + yf3r\i + c)~' -> + ay^c{i + cr\i + 6)-^ 

T 

On the other hand, 
{1 + x«)-ix«2//3(i + y/3)-'(i + c)-i - ((i + a)'^a){b{l + 6)-i)(i + c)-i 
= {{1 + Xa)"^Xa - (i + a)-^a)yp{l + ?/;3)"^(-? + c)"^ 
+ {1+ a)-^a{yp{l + y^)"! - b{l + b)-^){l + c)"!. 
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from which, as before, we take that 

T 

Hence, we finally obtain 

(1 + ay'cil + = {{1 + a)"ia)(6(i + b)-^). (6.1) 
Suppose now that two other nets {x\}, {y'^} exist in (^o)+ such that 
x'x-^a, y'u-^b and x\y' -> c'. 

T ^ T ^ T 

Working exactly as before we come to the equality 

{1 +a)-^d{l +b)-^ = {{1 +a)-\){b{l +by^), 
which together with (6.1) gives 

{1 + a)-^c{l + b)-^ = [1 + a)-^c'{l + b)'^ ^c = c'. 

□ 

We may now set the foUowing 

Definition 6.3. Let a,b £ ^[r]g+ with a € L{b) and x,y £ Aq. The product 
of the elements ax, by is defined as follows: 

{ax){by) := {ab)xy. 

Further, we consider the spectrum of an element a G yl[T]g+. 

Definition 6.4. Let a G ^[T]g+. The spectrum of a denoted by (T_A^^{a), is 
that subset of C*, defined in the following way: 

• Let A € C. Then A € ct^o(<^) ^ Ai — a has no inverse in Aq; 

• oo e fj^Q (a) <^ a ^0- 

Lemma 6.5. Let a € .4.[r]q4.. Then, 

c^A(a) = {"(V') : ^ e M{Aq)} C M+ U {oo}. 
In particular, o"^;, (a) is a locally compact subset of C* . 
Proof. Let A G C. Then (also see Theorem 5.8), 

A o-^o(o) ^ i^^ - ")~^ £ Ao^ a{ip),y if £ M{Ao)- 
Let now A = oo. Then, 

A G cj^o(a') ^ a ^ Ao^ a ^ C{M{Ao)) 

■^3 ifo £ M{Ao) : a{ipo) = oo. 

The rest is clear. □ 
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If a € ^[r]g4., denote by Cb{cr_Ag{a)), the C*-algebra of all bounded con- 
tinuous functions on o'_4g(a). For n € N and / € C{a^g{a)), define the 
function 

gn(A) := Jl^l^n ^ AGa^o(a). (6.2) 

In this regard, set 

Cni<TAoia)) := {/ G C(a^„(a) n M) : 5n € ^(f^A («))}• (6-3) 

Then, 

Cb{aAo{a)) C C7i(a^„(a)) C C2{aAo{a)) C • • • . 

Now, the promised functional calculus for quasi-positive elements in A[t] is 
given by the following 

Theorem 6.6. Let a G ^[T]g+. Suppose that the element a" is well-defined 
for some n G N. Then, there is a unique ^-isomorphism f i-^ f{a) from 

n 

(J C/fc(cr^(,(a)) into A[t], in such a way that: 
k=l 

n 

(i) // liQ G U Ck{(yAQ{o))y ''^ii^ uo{X) = 1, for each A G OAoia), then 

k=i 

uo{a) = 1 e Aq^ A[t]. 

n 

(ii) // ni G U Cfc((Tyi(j (a)), with mi(A) = A, for each A G o"^o(")' ^^^^^ 
ui{a) = a G ^[r]. 

_ — n 

(iii) f{o){^) = /o?^ any f e \J Cfc(cr^o(a)) a^'^ '/^ ^ ^^(A); 

/c=l 

n 

(iv) (/i + /2)(a) = /i(a) + /2(a), /or any /i,/2 G U C'fcCo-^o (a)), 

k=l 

n 

(A/)(a) = A/(a), for any f e [j Cfc(o-^o(a)) and A G C, 

k=l 

(/i/2)(o) = /i(a)/2(a), /or any /j G C^^ (cr^o J = mt/i 
^1 + ^2 < n. 

(v) Restricted to Cf,((T^(, (a)) i/ie map / /(a) is an isometric *- 
isomorphism of the C* -algebra Cf,{crAoiO')) onto the closed *-subalgebra of 
the C* -algebra Aq generated by 1 and [1 -\- a)~^ . 

n 

Proof. Let / G IJ C/t((T^„ (a)). Then, / G Ck{crAo{a)), for some k with 
k=i 

f(\\ 

1 < k < n, and gk G Cb{(TAo{a)) with gk{X) := (jip^yfejA G ct^o(«)- From 
Lemma 6.5 we have that gk o a £ C{A4{Ao)), therefore (Gel'fand-Naimark 
theorem) there is a unique element gkio,) G Aq such that 

(Mif) = gk{a{f)), y^&MiAo). (6.4) 

Now let 

f{a):=gk{a){l +a)'' eA[T]. (6.5) 
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We shall show that /(a) does not depend on k, 1 < k < n. Indeed, let 
/ G Cj{aAo{a)) with: 

• j 1^ k; then for each A S o"^o(o)) 

/(A) _ /(A) 1 1 

Hence, gk{ci) = gj{a){l + a)~^^~^^ G Aq and 

<7fc(a)(i +a)^ = 5,(a)(i +0^; (6.6) 

• j > k; in this case too, one takes (6.6) in a similar way. So, the 
element /(a) G ^[r] is well-defined by (6.5). Now, it is easily seen that the 
map 

n 

f ^ f{a) from IJ Ck{aAo{a)) into A[t] 
k=l 

is a *-isomorphism with the properties (i), (ii), (iii). 

(iv) Consider the functions /i G Cfcj((T^g(a)), /2 G Cfc2(o"^o('^)) with 
^1 + ^2 < Then (see (6.3) and discussion before (6.4)), g^^ G Ch{ajXg{a)) 
with gkiia) unique in i = 1,2. Define the function /(A) := /i(A)/2(A), 
A G 0-^0 (")• Then, / G Ck^+kii^^Aoia)) and 



5fci+fc2(A) = , xxfc,+fca = 9fci(A)9A:2(A), A G 0-^0 



/(A) 

that is fffci+fca € Cb(<7^o(«))- Thus, 5fc^+fc2(a) = gkAa)gk2{a) G A- Moreover 
(see also Definition 6.3 and (6.5)) 



(/i/2)(a) = /(a) =gfc,+fc,(a)(i +a)'=^+^^ 

= (<7fc,(a)(i +a)^^)(<7;i.2(a)(i+a)^^) 
= /i(a)/2(a). 

The first two equalities in (iv) are similarly shown. 

(v) Arguing as in (6.4) and taking into account Lemma 6.5, we easily 
reach at the conclusion □ 

Corollary 6.7. Let a G „4[T]q-|_ and n G N. Then, there is a unique b G 
^[r]g+ such that a = . The element b is called quasi nth-root of a and 

is denoted by a". //, in particular, n = 2, the element is called quasi 
square-root of a. 

Proof. Consider the functions /i(A) := A~ and /2(A) := A^~", A > 0, which 
clearly belong to Ci(cr^o(a)). Then (see (6.2), (6.3)), 51,52 G Cf,(cr^o (a)) 
with 51(A) = /i(A)(-? + \)-\ 52(A) = f2{X){l + A)-\ A > 0. Theorem 6.6 
gives that the elements /i (a), /2(a) are uniquely defined in A[t] with 

/i(«) = 9i{a){l + a), /2(o) = g2{a){l + a). 
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where gi{a) G (^o)+) i = 1,2 (see, e.g., (6.4)). Moreover (also see Proposi- 
tion 3.2, (1) and (2)), for each e > 

{Ao)+ 3 gi{a){l + a)il + ea)-i — /i(a), resp. 

T 

{Ao)+ 3 g2{a){l + a){l + ea)-i ^ /2(a). 

T 

On the other hand, since (/i/2)(A) = A, from Theorem 6.6,(ii) we have 
that (/i/2)(a) = a, therefore (also see Proposition 3.2, (2)) 

(5i(a)(i +a){l+ ea)-^){g2{a){l + a){l + ea)-'^) = a{l + ea)-^ ^ a. 

T 

So, from Definition 6.1, we conclude that 

/i(a) e L(/2(a)) and a = /i(a)/2(a). 

Now, since /2(a) € ^[r]g+, we repeat the previous procedure with /2(a) in 
the place of a, so that continuing in this way we finally obtain 

« = /i(«)/i(a) • • • /i(a) (n-times). 
The proof is completed by taking b = fi{a). □ 

7 Structure of noncommutative locally convex quasi 
C*-algebras 

In this Section we consider a noncommutative locally convex quasi C*- 
algebra A[t] over a unital C*-algebra ^0 and we investigate the following: 
(a) Conditions under which such an algebra is continuously embedded in 
a locally convex quasi C*-algebra of operators (Theorems 7.3, 7.5); (b) a 
functional calculus for the commutatively quasi-positive elements in A[t] 
(Theorem 7.8). 

Definition 7.1. Let V he a dense subspace of a Hilbert space 7i. A *- 
representation n of A[t] is a linear map from >l into L^{V,n) ( see beginning 
of Section 4) with the following properties: 

(i) vr is a ^-representation of ^0; 

(ii) 7r(a)^ = 7r(a*), V a e A; 

(iii) 7r(ax) = 7r(a)n7r(x) and 7r(xa) = 7r(x)n7r(a), V a & A and x € Aq, 
where □ is the (weak) partial multiplication in L^{'D,7i) (ibid.) Having a 
*-representation vr as before, we write I'(vr) in the place of P and Tin in the 
place of Ti. By a {t,Ts*)- continuous * -representation vr of A[t], we clearly 
mean continuity of tt, when L^(D(7r), TL-n) carries the locally convex topology 
Ts* (see Section 4). 
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Lemma 7.2. Let tt be a * -representation of A[t] with domain T>{tt) dense 
in Ti-jj. Let also B he an admissible subset of B{tt{A)). The following hold: 

(1) // TT is {t,Ts*)- continuous, then 'k{A)[ts*] is a locally convex quasi 
C* -algebra over the C* -algebra 7r(.Ao). 

(2) If TT is {t,t^{B)) -continuous (in the spirit of Definition 7.1), then 
Tr{A)[T^{B)] is a locally convex quasi C* -algebra over 7r(.4o). 

Proof. Clearly tt{Ao) is a C*-algebra and 

TT : A[t] 7r{A)[Ts*] C Tr{Ao)[Ts*] 

is a (r, Ts*)-continuous *-representation of A[t], with vr(^) a quasi *-algebra 

over tt{Ao) and 7r(.Ao)[Ts*] (similarly Tr{Ao)[T^{B)]) a locally convex quasi 
C*-algebra over 7r(^o)- So, (1) and (2) follow from Definition 3.3. □ 

Now, a sesquilinear form ip on A x A is called positive, resp. invariant, 
if and only if ip{a,a) > 0, for each a £ A, resp. (p{ax,y) = ip{x,a*y), for 
all a G ^ and x,y £ Aq- Moreover, 99 is called T-continuous, if \ip{a,b)\ < 
p{a)p{b) for some r-continuous seminorm p on A and all a,b £ A. 

Further, let ip he a r-continuous positive invariant sesquilinear form on 
u4o X ^0- Then, (f denotes the extension of to a r-continuous positive 
invariant sesquilinear form on ^ x ^. Moreover, let (vT;^, A;^, W,^) be the 
GiVS'-construction for (p (see, for instance, [U Section 9.1]). Then, vr^ is 
extended on A, as follows: 

7TJa)X^{x) := linnrJxa)X^ix), V x G ^o, (7.1) 

a 

where {xq} is a net in A[t] with a = r-limxa. By the very definitions 

a 

and the r-continuity of ip, it follows that TTy, is a (r, r^* )-continuous *- 
representation of A. Now, put 

5(^0) '■= {r-continuous positive invariant sesquilinear forms (p on ^q^-^o}- 

We shall say that the set S{Ao) is sufficient, whenever 

a £ A with (p[a,a) = 0,V (/? € S{Aq), implies a = 0. 

From the results that follow. Theorems 7.3, 7.5 (and, of course. Corollary 
7.4) give answers to the question (a) stated at the beginning of this Section. 
These results can be viewed as analogues of the Gel'fand-Naimark theorem, 
in the case of locally convex quasi C*-algebras. 

Theorem 7.3. Let A[t\ be a locally convex quasi C* -algebra over a unital 
C* -algebra Aq. The following statements are equivalent: 

(1) There exists a faithful {t,Ts*)- continuous * -representation vr of A. 

(2) The set S{Aq) is sufficient. 
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Proof. (1) =^ (2) For every ^ G ^^(71") define 



ni^^ y) ■= (7r(a;)Ck(y)0, V X, y G A- 

Then, {99^ : ^ G "Z^lTr)} C 5(^0)) so that from the preceding discussion it 
fohows easily that S{Ao) is sufficient. 

(2) =^ (1) Let if G 5(^0) and (tTi^, \^,7i^) the GA^S-construction for (p. 
Then, as we noticed before (see (7.1)), tt^ extends to a (r, rs.)-continuous 
*-representation of A with 'D{7r^) = A<^(^o)- Now, take 

V{7r) := {(A^(x^))^g<j(^(3) G ^ n^: e Ao and 

A(^(x,p) = 0, except for a finite number of 99's from S{Ao)} 

and define 

7r(a)(A;p(j;(p)) := (A(^(ax<^)), V a G ^ and (A;p(j;(^)) G T>{7r). 

Then, it is easily seen that vr is a faithful (r, rs.)-continuous ^-representation 
of A □ 

Results for quasi *-algebras over a unital C*-algebra Aq related to The- 
orem 7.3, have been considered in [101 Theorem 3.3] and [151 Theorem 3.2]. 
Now an application of Theorem 7.3 and Lemma 7.2, gives the following 

Corollary 7.4. Let A[t], Aq be as in Theorem 7.3. Suppose that the set 
S{Ao) is sufficient. Then, the locally convex quasi C* -algebra A[t] over Aq 
is continuously embedded in a locally convex quasi C* -algebra of operators. 

The next theorem gives further conditions under which a locally convex 
quasi C*-algebra A[t] can be continuously embedded in a locally convex 
quasi C*-algebra of operators. 

Theorem 7.5. Let A[t] be a locally convex quasi C* -algebra over Aq. Sup- 
pose the multiplication of Aq satisfies the following condition: 

For every r-bounded subset B of Aq and every A G A, there exist A' G A 
and a positive constant cb such that 

snp px{xy) < CBPx'ix), ^ x e Aq. 

ydB 

Then, the next statements are equivalent: 

(i) There is a faithful {t,t^{B))- continuous * -representation n of A, 
where B is an admissible subset of B{tt{A)). 

(ii) There is a faithful {t,Ts*)- continuous * -representation of A. 

(iii) The set S{Aq) is sufficient. 
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Proof, (i) =^ (ii) It is trivial (see (4.3)). 

(ii) =^ (iii) It follows from Theorem 7.3. 

(iii) ^ (i) Let ip € S{Ao) and (tTi^, A<^, TY,^) the GA^5-construction for ip 
(see discussion before Theorem 7.3). Set 

:= {X^{B) : B a r-bounded subset of ^o}- 

Then, for each r-bounded subset B of we have 

sup ||7r^(a)A<^(y)|| = sup 99(02/, ay) < sxvppxiay) < CBPx'{a), 

y&B yeB yeB 

for all a € ^ and some A, A' G A. It is clear now that \ip{B) G B{'Kip{A)) 
and that (see (4.2)) 'K^p is (r, r^(;S,^))-continuous. Let now vr be as in the 
proof of Theorem 7.3. Put 

finite 

■= { \{Bip) : B^p a r-bounded subset of ^o}- 

¥'£5(^0) 

Then, it is easily seen that B-,^ is an admissible subset of B{'k{A)) and vr a 
faithful (r, r"(;B7r))-continuous *-representation of A. □ 

An analogue of Corollary 7.4 is stated in the case of Theorem 7.5, too. 

Taking again ^[r],^o as in Theorem 7.3, we proceed to the study of 
a functional calculus for the commutatively quasi-positive elements of A[t\ 
(see (b) at the beginning of this Section). So, let a € ^[r]c5+. Then, from 
Proposition 3.2,(1), the element {1 + a)~^ exists and belongs to U{Aq)+. 
Consider the maximal commutative C*-subalgebra C*{a) of ^0 containing 
the elements i,(^ +a)~^. Then, 

• C*(a)[r] satisfies the properties (Ti)-(T4) of Section 3. The properties 
(Ti)-(T3) are trivially checked. We must check (T4). 

First we prove that U{C* [a))j^ is r-closed. Let {xq} be a net in U{C* [a))j^ 
such that Xa x. But, U{C*{a))+ C U{Ao)+ and since U{Ao)+ is r-closed 

T 

we have that x £ U{Ao)+- On the other hand, 

xy ^ XaV = yxa yx, \lyeC*{a). 

T T 

Hence, xy = yx, which by the maximality of C*(a) means that x € C*(a) 
and finally x E U{C*{a))^. Thus, l{{C*{a))+ is r-closed. Now, take an 

arbitrary x € C*(a)[r]g-|_ n C*(a). Then, x € ^[r]g_|_ n ^0 = (-^0) + ) and so 
x E C*{a) n {Ao)+ = C*(a)+. This completes the proof of (T4). Thus, the 
following is proved: 
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Proposition 7.6. Let A[t] be a locally convex quasi C* -algebra over a unital 
C* -algebra Aq- Let a € .4.[r]cg+ and C*{a) the maximal commutative C*- 

subalgebra of Aq containing {1, {1 +a)~^}. Then, C*(a)[r] is a commutative 
locally convex quasi C* -algebra over C*{a). 

Corollary 7.7. The element a belongs to C*(a)[r]q+. 

Proof. Since a £ A[T]cq+, Proposition 3.2,(2) implies that for every e > 0, 
a{l -\-ea)~^ = ^ [l — [1 -\- ea)~^) G {Ao)+. Now, since {1 +a)~^ commutes 
with every element uj G C*(a), it follows that uj also commutes with i + a, 
hence with o, therefore with (i + ea)~^ too. Thus, a{l + ea)~^ G C*{a), 
for each e > 0. Since moreover, a = r-lim a{l +ea)~^ (ibid.), Definition 3.1 

gives that a G C*{a)[T]q^. □ 

It is now clear from Corollary 7.7 that making use of Theorem 6.6 for 
C*(a)[r]g_i_, we can obtain the promised functional calculus for the commu- 
tatively quasi-positive elements of the noncommutative locally convex quasi 
C*-algebra A[t]. That is, we have the following 

Theorem 7.8. Let A[t] be a noncommutative locally convex quasi C*- 
algebra over a unital C* -algebra Aq. Let a G ^[r]cg+ such that a" is well 
defined for some n G N. Then, there is a unique ^-isomorphism f ^ f{a) 

n 

from y Cfc((Tf7.(a)(a)) into A[t] such that: 
k=i 

n 

(1) //no G U Ckicrc*{a)ia)) with no(A) = 1, for each A G crc*(a){a), 

k=l 

then Uo{a) = 1 £C*{a) ^ A[t]. 

n 

(2) If ui £ (J Cfc(cJc*(a)(«)) with ui(A) = A, for each A G ac*{a){a), 

k=l 

then ui{a) = a G A[t]. 

n 

(3) /(o)((^) = f{a{^)),foranyfe [j Cfc(fTc* («)(«)) and^e M{C*{a)). 

k=l 

n 

(4) (/i + /2)(a) = /i(a) + /2(a), for any /i, ^ G U '^fc(f^c*(a)(a)), 

k=i 

n 

(-^/)(«) = A/(a), for any f e \J Cfc(o-c* («)(«)) "'^^ A G C, 

k=l 

(/i/2)(a) = /i(a)/2(a), for any fj G C/,.^ (o-c*(a)(«)), j = 1,2, with 
ki + k2 < n. 

(5) Restricted to Cb{(Jc*{a)iO')) the map f 1— > /(a) is an isometric *- 
isomorphism of the C* -algebra Cb{ac*(a){o-)) onto the closed *-subalgebra of 
the C* -algebra C*{a) generated by 1 and {1 + a)~^ . 

Now, an application of Corollary 6.7 for the commutative locally convex 
quasi C*-algebra C*(a)[r] and Theorem 7.8 give the following 
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Corollary 7.9. Let A[t], Aq be as in Theorem 7.8. Let a S ^[r]cg+ and 
n E N. Then, there is a unique element b € ^[r]cg+ such that a = 6". The 
element b is called commutatively quasi nth-root of a and is denoted by a~ . 
If n = 2, the element is called commutatively quasi square root of a. 
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